REACTORS, KINETICS, AND CATALYSIS

Vapor-Liquid CSTRs

Sagar B. Gadewar, Michael F. Malone, and Michael F. Doherty
Dept. of Chemical Engineering, University of Massachusetts, Amherst, MA 01003

The attainable region approach for reaction-mixing systems was applied to systems
with simultaneous reaction and separation. A model developed for a countercurrent
cascade of two-phase CSTRs can be considered as a surrogate for the stripping or
rectifying sections of a reactive distillation column. An overall composition vector de-
fined satisfies the same geometric properties as the reaction vector. The necessary condi-
tions for the reaction-mixing attainable region were applied to the cascade of two-phase
CSTRs. This article focuses only on the countercurrent cascade of two-phase CSTRs;
therefore, the region identified is a feasible region, which is a subset of the attainable
region for reaction-separation systems. For consecutive reactions, the boundary of the
feasible region is given by the trajectory for a cocurrent cascade of two-phase CSTRs.
The overall composition vector for the cocurrent cascade of two-phase CSTRs is tan-
gent to the trajectory. For single reversible reactions, the attainable region for single-phase
reactors is significantly expanded by using a countercurrent cascade of vapor-liquid
CSTRs. Two examples used are transalkylation of toluene and the synthesis of isopropyl

Feasible Region for a Countercurrent Cascade of

acetate.

Introduction

Reactor network synthesis studies determine reactor types
and sizes, and their arrangement in a network. The reaction
system in a flowsheet dictates the downstream processes (such
as separation and waste treatment) and strongly influences
the flowsheet structure and economics. An early approach
found optimal temperature profiles and residence-time distri-
butions for reactors (Aris 1960a,b,c, 1961) as in dynamic pro-
gramming for a fixed reactor system and sequential pro-
cesses. Another approach is superstructure optimization,
which involves specification of a superstructure network of
reactors, and optimization selects a subnetwork. The reactor
network obtained, however, depends on the types of reactors
selected and the initial superstructure chosen. A selection of
possibilities include the following. Jackson (1968) published a
reactor superstructure consisting of PFRs connected by
sidestreams. Chitra and Govind (1981, 1985) considered a se-
ries of recycle reactors, and they optimized the recycle ratio
and the point of recycle. Balakrishna and Biegler (1993) de-
scribed a superstructure for the simultaneous synthesis of re-
action, energy, and separation systems. Kokossis and Floudas

Correspondence concerning this article should be addressed to M. F. Malone.
Current address of M. F. Doherty: Dept. of Chemical Engineering, University of
Santa Barbara, CA 93106.

800

April 2002 Vol. 48, No. 4

(1990, 1994) considered a large superstructure of isothermal
and nonisothermal PFRs and CSTRs, formulated as a mixed
integer nonlinear programming (MINLP) problem. Mar-
coulaki and Kokossis (1999) describe the application of
stochastic optimization to find performance targets for chem-
ical reactors followed by formulation of reactor configura-
tions to achieve these targets.

A method that has gained prominence in the past decade
seeks attainable regions (ARs). This approach does not as-
sume a reactor network a priori, but only the set of funda-
mental processes (such as reaction, mixing, and so on) that
can occur. The concept was first proposed by Horn (1964)
and later developed by Glasser, Hildebrandt, Feinberg and
co-workers (Feinberg and Hildebrandt, 1995; Glasser et al.,
1987, 1992; Hildebrandt and Glasser, 1990). Horn (1964) de-
fines the attainable region as the collection of the objective
variables, such as recycle flow rate and composition of the
product, that corresponds to the totality of physically possible
reactors. Glasser et al. (1987) define the attainable region as
a domain in the concentration space that can be achieved by
using any system of steady-flow chemical reactors, that is, by
using the processes of mixing and reaction. This attainable
region is sometimes called the “kinetically attainable region”
to distinguish it from the “thermodynamically attainable re-
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gion,” determined by equilibrium constraints (Shinnar and
Feng, 1985). Glasser et al. (1987) established a set of neces-
sary conditions for the kinetically attainable region. Cur-
rently, sufficient conditions for the attainable region are not
known.

AR methods are not optimization methods. AR methods
serve an important purpose of generating process alternatives
at the conceptual design stage of flowsheet development.
Conceptual design also involves the screening of process al-
ternatives to find an optimal flowsheet. There are relatively
few general methods available for generating reactor alterna-
tives that involve simultaneous reaction and separation. The
attainable regions method generates reactor networks that are
inserted into a framework for conceptual design (such as op-
timization-based methods, or Douglas’ hierarchical proce-
dure (Douglas, 1988). Therefore, it is not necessary to have
cost measures integrated in the AR methodology, as its main
purpose is to determine process alternatives, and also to de-
termine what is feasible and what is not.

AR methods should be considered complementary to opti-
mization-based flowsheet synthesis methods, as they can pro-
vide insights for devising a superstructure in an optimization
problem. Lakshmanan and Biegler (1996) used the attain-
able-region properties to formulate a reactor network and
optimized it using a MINLP approach. Pahor et al. (2000)
suggest an iterative procedure using attainable region analy-
sis to update the superstructure in a MINLP formulation. An
important drawback of AR methods is the difficulty in apply-
ing the geometric conditions for higher dimensions. Signifi-
cant work has been published for systems that can be de-
scribed in up to three dimensions, however, addressing higher
dimensional problems is still a challenge. Many industrially
relevant reaction systems can, nevertheless, be captured in
two or three dimensional (2-D or 3-D) ARs (such as the pro-
cess of manufacturing methyl acetate, MTBE, TAME, and so
on, can be described by a 2-D AR). Another shortcoming of
the AR methodology is that it often requires recursive solu-
tions to verify that the AR cannot be extended. In spite of
these shortcomings, the AR methodology is capable of deliv-
ering process alternatives that might otherwise be missed.

Feinberg and Hildebrandt (1997) derived properties for the
boundary of the attainable region. They showed that the
boundary of the attainable region is always accessible by
means of elementary reactors (PFR, CSTR, and so on) taken
in simple combination. Glasser et al. (1987) considered com-
binations of plug flow, CSTR, and recycle reactors in con-
structing the attainable region. This analysis was also applied
to systems with 3-D attainable regions (Hildebrandt and
Glasser, 1990; Godorr et al., 1994), to adiabatic systems
(Hildebrandt et al., 1990; Glasser et al., 1992), and to more
complex reactor systems (Glasser et al., 1994). Feinberg
(2000a) showed that a differential sidestream reactor (DSR)
can reside on the boundary of the attainable region only if it
satisfies specific design equations that govern the precise way
of adding sidestreams along the length of the reactor, and
these equations depend on the reaction chemistry and kinet-
ics. The CSTRs that give rise to extreme points of the attain-
able region must also conform to certain special design equa-
tions (Feinberg, 2000b). These design equations indicate that
for a CSTR to give a point on the boundary of the attainable
region, there are only very exceptional values of residence
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time (which are usually computable). Rooney et al. (2000) de-
scribe a method for constructing attainable regions of dimen-
sions greater than two by combining 2-D projections of candi-
date regions. Smith and Malone (1997) applied the concept
to polymerization reaction systems for determining the at-
tainable region for number-average molecular weights and
polydispersity.

The idea of combining reaction with distillation has been
known for a long time (Backhaus, 1921a-d; Keyes, 1932).
Nisoli et al. (1997) applied the concept of attainable region to
find feasible compositions for systems with simultaneous re-
action and separation in cocurrent devices. The reaction-sep-
aration devices considered were: CSTR with vapor removal
and PFR with vapor removal. However, they did not estimate
the conversions achieved using the reaction-separation de-
vices. It is not known how simultaneous separation with reac-
tion in a countercurrent device affects the region of feasible
compositions. Feinberg (2001) showed that for finding bounds
on the attainable effluents from reactor-separator systems of
arbitrary design, it is sufficient to consider a reaction system
with a finite number of CSTRs coupled with a separation
system capable of making sharp separations; the number of
CSTRs needed to describe the boundary of the attainable
region depends on the number of independent reactions in
the reaction chemistry.

In this work, we apply the attainable region methodology
to a cascade of vapor-liquid CSTRs in which the liquid and
vapor move in countercurrent flow. For this, as for any sys-
tem with chemical reaction, the yield, selectivity, and conver-
sion are critically important in process engineering. When a
reactor system has more than one product stream, these
quantities are determined from the overall compositions given
by the (hypothetical) mixing of all the product streams. Since
a countercurrent cascade of vapor-liquid CSTRs has both lig-
uid and vapor products, we use these overall compositions in
what follows. The attainable region for reaction-separation
should encompass all possible overall compositions achievable
by using the phenomena of reaction, separation and mixing (in-
cluding those obtained from hybrid devices for reaction-sep-
aration). We focus here only on the countercurrent cascade
of two-phase CSTRs along with the single-phase CSTR and
PFR. Therefore, the feasible region that we identify will be a
subset of the attainable region for reaction-separation. The
feasible region gives an estimate of the overall product com-
positions achievable using a countercurrent reaction-sep-
aration device and, therefore, provides an estimate of its po-
tential advantage over conventional reactors.

Motivation

Consider a system with kthe elementary irreversible reac-
1

tions in series A——B—">C in an ideal liquid solution.
For simplicity, we assume that the rate constants are inde-
pendent of temperature. For this reaction system, a PFR will
always give better yield and selectivity to the desired product
B than a CSTR (Levenspiel, 1972). When the rate constant
for both the reactions are identical, the attainable region
boundary is the PFR trajectory, which is convex. The CSTR
locus lies inside the PFR trajectory.

Now, consider a two-phase CSTR, consisting of a flash sep-
arator with a simultaneous chemical reaction in the liquid
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Figure 1. CSTR with vapor removal.

phase, as shown in Figure 1. We assume that the liquid and
vapor are in phase equilibrium, and that the volatilities of
components B and C relative to A4 are constant and equal to
5 and 3, respectively. Therefore, the vapor in phase equilib-
rium with the liquid reaction mixture will have more of the
desired product B compared to the liquid phase. It is intu-
itive that removing vapor from a CSTR will help in removing
the desired product from the reaction mixture and is bound
to improve the selectivity for the process. A model is devel-
oped for the device in Figure 1 to calculate the yield of B
and selectivity to B with the conversion of A4. Activity-based
rate expressions are used in formulating the model for rea-
sons explained in Nisoli et al. (1997).
The overall material balance (Figure 1) is written as

2
F—L-V+ Y vy n(x)H=0 (1)
k=1

where r,(x) is the reaction rate per mol of liquid mixture for
the kth reaction, and has the dimensions of mols reacted per
mol of mixture per unit time. v, ; and vy, are the algebraic
sum of the stoichiometric coefficients for the first and second
reaction, respectively. The streams F and L are assumed to
be saturated liquids. The material balance for the ith compo-
nent is

2
Fx;o— L, =Vy;+ Y v (x)H=0 2
k=1

The vapor compositions are determined by using a constant
relative volatility model. Since both reactions are equimolar
vy, = vy, =0. Eliminating L from Egs. 1 and 2, we obtain

Vv H 2
xi_xi,()=F(xi_yi)+F Z Vi,krk(x) 3)
k=1

The Damkdhler number (Damkohler, 1939) Da = Hky,.;/F
is the ratio of a characteristic liquid residence time (H/F) to
the characteristic reaction time (1/k; ), where k., is the
rate constant for the reference reaction. ® = V/F is the frac-
tion of liquid feed that is vaporized. Using these parameters
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Figure 2. Separation effect on attainable region for sin-
gle-phase reactors (hatched region) for A —
B—C.

in Eq. 3, we obtain

2
xi_xi,0=¢)(xi_yi)+Da Z Vik7 “)
k=1

The difference between the liquid composition vectors x and
x, is given in terms of a separation vector (x — y) and a reac-
tor vector Y2_, v, r,(x). Given a value for F, a choice of ®
sets all of the flows and Da determines the reactor volume.
The yield of the desired product B and the conversion of A
is found from the combined streams L and V/, and the overall
outlet composition vector is given by (1— ®)x + ®y. The se-
lectivity to B is simply the ratio of yield of B to conversion of
A.

We use first-order reaction rate models for both reactions,
where the rates are given as: r((x) =k, x, and r, =k x, —
kg, xg. We choose @ = 0.8, and a liquid feed of pure A4 to
the two-phase CSTR. Assuming that the rate constant for
both reactions is identical, kg, = k;, = k¢, the conversion
of A, the yield and selectivity to B are determined from the
overall composition vector after specifying a value for Da and
solving Eq. 4. The conversion increases monotonically with
Da since the characteristic residence time increases for a given
characteristic reaction time. Figure 2 shows the yield of B vs.
the conversion of A for the two-phase CSTR. The hatched
area is the attainable region for single-phase reactors (CSTR,
PFR). The figure shows that using a CSTR with vapor re-
moval gives a larger region of feasible overall compositions
than for single-phase reactors. Figure 3 shows the selectivity
to B vs. the conversion of 4. Good improvement in selectiv-
ity is possible by using a two-phase CSTR over a conven-
tional reactor. Since the desired product, B is the lightest
boiling component in the mixture, vaporization improves yield
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Figure 3. Selectivity to B vs. conversion of A for
two-phase CSTR and boundary of attainable
region for single-phase reactors.

and selectivity to B. It is therefore logical to string together a
series of CSTRs where the liquid and vapor streams move in
a countercurrent fashion. Such a configuration can also be
expected to increase the conversion in equilibrium limited re-
actions.

Model Development for Countercurrent Cascade of
Two-Phase CSTRs

Figure 4 shows a countercurrent cascade of two-phase
CSTRs, which is a surrogate for the rectifying or stripping
sections of a reactive distillation column. We develop a model
for ¢ components and R reactions in a cascade of N vapor-
liquid CSTRs. The reactions are assumed to occur only in the
liquid phase and the cascade is isobaric. The overall material
balance on stage j (Figure 4) is

R
L \—L+V, =V + > vr ot (x;)H; =0 )
k=1

where r,(x;) is the reaction rate of reaction k per mol of
liquid mixture in stage j and has the dimensions of mols re-
acted per mol of mixture per unit time, and vy, is the alge-
braic sum of the stoichiometric coefficients in reaction k. The
material balance for component i on stage j is

L \x Lix; Vi 1yije1=Vivi

j-1tij-1T

R
+ 2 vn(x)H;  i=1,...,c—1 (6)
k=1

We assume that the liquid composition is related to the va-
por composition by vapor liquid equilibrium. The tempera-
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Figure 4. Countercurrent cascade of two-phase CSTRs.

ture of the reaction mixture is determined by phase equilib-
rium, and the energy balance is only needed when heating or
cooling policy is to be calculated, which can be done sepa-
rately.

Eliminating L; from Egs. 5 and 6, we obtain

. V.
J Jj+1
Xij— Xij-17 T 1 (xi,j - yi,j)_ L., (xi,j - )’i,;‘+1)
= =
H,
L

R
+ Z (vix— VT’kx,-,j)rk(xj); i=1,...,c—1 (7)

j=1k

The molar liquid holdup on stage j is H; = p;v;, where p; is
the molar density of the liquid mixture and v; is the volume
of the liquid phase on stage j. It is convenient to rewrite the
molar quantities L;_y, V}, V., and p; in terms of the corre-

sponding mass quantities L7, V;™, V!, and p/", giving

j—b 7
Yo—x . = V" M(x %)
i,j i,j—1 L;‘n—l M(y]) i,j i,]

Vit M(x;_,)
L;'"—l M(J’j+1)
Y M(x1) &

m Z rk(x')(Vi,k_ VT,kxi,');
Ly M(x;) /2 ! !

(xi,j _)’i,;‘+1)

i=1,...,c—1 (8)
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where M is the average molecular weight

M(xj)= .ilMixi,j )

Similar definitions apply to M(x;_,), M(y;) and M(y;, ).
We define the following two dimensionless parameters

o=t (10)
f) L;'n—l
keospv
Da, = =Lt 5 (11)
L,
We assume that V"' =V{"=--- =V |, F"=L7=--=L%

and v;=v, = =uy so that ¢ =¢" and Da;= Da
throughout the cascade; ¢™ represents the feed flow rate
ratio V"/F™. Here, k. is the forward rate constant for a
reference reaction at a reference temperature. The following
are the reasons for using mass variables instead of molar
quantities:

e [t is reasonable to assume the mass density of the liquid
phase is approximately constant with respect to changes in
the state of the system between inlet and outlet conditions.

e The total number of mols in the reaction mixture changes
with conversion for a nonequimolar chemistry. If Da is de-
fined in terms of molar quantities, it is not possible to assume
a constant value for Da. However, Da can be assumed to be
constant throughout the cascade by defining it in mass vari-
ables, as in Eq. 11.

Using the dimensionless quantities ¢ and Da in Eq. 8,
we get

M(x;_,)
xi,j_xi,/‘fl_d’ W(xi,j_yi,j)
M(x;_y)
— " (X
M(J’j+1)( ’ ’]H)

+ Da

M(xj—]) R rk(xj)
M(xj) kgl kf,ref

i=1,...,c—1;j=1,...,N (12)

(Vi,k - VT,kxi,j);

The material balance Eqs. 12 are coupled nonlinear alge-
braic equations. For a large number of stages, the problem is
large and difficult to converge using solvers like DNEQNF
(IMSL subroutine based on the Newton’s method) or HY-
BRD (modification of the Powell hybrid method). Compared
to nonlinear algebraic solvers, solvers for nonlinear differen-
tial equations (for instance LSODES, Livermore solver for
ordinary differential equations) are more robust for large sys-
tems of equations. We therefore convert Eq. 12 into differen-
tial equations and solve them until they reach a steady state.
The advantage of this method is exemplified later in the arti-
cle, where the nonlinear algebraic solver fails, but the differ-
ential equation solver yields converged results. Equation 12
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can be written as

dxwv:x . +¢mM(xj,l)(x )
d¢ ij—17" %ij M(y,) ij— Yij
M(x;_y)
— " — (X~ Vi,
M(y;, ) T

M(xj—l) R rk(xj)
M(xj) kgl kf,ref

i=1,...,c—1;j=1,...,N (13)

+ Da (Vi —vraXi))s

For equimolar reaction chemistries, the molar holdup on each
stage can be taken as constant, H; = H. We simplify the model
in Eq. 13 by defining the following dimensionless parameters

b= (14
DLy
ki H

Da =L (15)
L

¢ represents the feed flow rate ratio V/F. We assume that
V=V, =+ =Vy,,and F=L, ="+ = Ly, so that the value
of ¢ and the Damkohler number Da do not vary with posi-
tion throughout the cascade. This corresponds to constant
molar flows through the cascade, which can be achieved when
the cascade is adiabatic, the heat of vaporization is constant,
and the heat of reaction is negligible. A constant molar flows
model is usually a good starting point for conceptual design.
For the examples considered in this article, the heat of reac-
tion is insignificant. However, for reaction systems where the
heat of reaction is not negligible compared to the heat of
vaporization, the model must be modified to account for the
energy balance equations throughout the cascade. Chen et al.
(2000) published a heat effects model for the simulation of a
reactive distillation column, and a similar approach can be
used to model a countercurrent cascade when heat effects
are significant. Methods for incorporating differences in the
heats of vaporization to improve the fidelity of the constant
molar overflow models are given in Doherty and Malone
(2001), and can be applied to the models developed in this
article.

For equimolar reactions, the model given in Eq. 13 simpli-
fies to the following

dxi,j R
=X -1~ % ;+ &Y js1—Yi;)+ Da 2
k7

dé
i=1,...,c—1;j=1,...,N (16)

We use this model throughout the article. If there is a single
stage in the cascade and ¢ = 0, the configuration is equiva-
lent to a single-phase CSTR. In the case where there are
large number of stages in the cascade and ¢ = 0, the configu-
ration is equivalent to a single-phase plug-flow reactor. A
countercurrent cascade is a multifunctional reactor that can
potentially give higher conversions in equilibrium limited re-
actions, and better selectivities for systems with side reac-
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tions. It cannot, however, give pure products at both ends
since the feeds are at the top and bottom ends. Therefore, in
a flowsheet, a countercurrent cascade has to be matched with
a conventional separation system to get pure products. The
flowsheet alternatives involving countercurrent cascades
should be compared with the conventional reactor followed
by separation flowsheets to identify an optimal flowsheet.

Overall Composition Vector

The system shown in Figure 4 has a liquid and a vapor
feed. The products exit stage 1 as vapor and stage N as lig-
uid. These product compositions depend on the composition
of the feedstreams, on the parameters Da and ¢, and also on
the number of stages N. For quantifying the performance of
the device, we use the indicators conversion, yield, and selec-
tivity. These indicators are calculated from the overall prod-
uct compositions achieved by a simultaneous reaction-sep-
aration system. In this case, the overall composition is deter-
mined by mixing the liquid product with condensed vapor
product. The overall feed composition vector X, for the sys-
tem shown in Figure 4 is

X,= ;x ¢ (17)

+_
0 14_(150 1+¢J’N+1

From Eq. 16, the overall product composition vector for the
cascade is

1

L
Tl e T 11 6

Y1 (18)

Note that ¢ can take values from 0 to oo, while, for the device
shown in Figure 1, we use ® to denote the ratio of vapor rate
to feed rate, which takes values from 0 to 1. We normalize
the value of ¢ by defining

¢
=15 (19)

Equations 17 and 18 can be rewritten as

Xo=(1-P)xy+ Pyy,y (20)
I=(1-D)xy+ Dy, (21)

The overall composition vectors given by Egs. 20 and 21 are
used for calculating conversion, yield, and so on, for the
countercurrent cascade of two-phase CSTRs. The difference
vector for overall composition is given as

¥—Xo=f(Da, xq, yyi1, ¢, N) (22)

The function f is the combined effect of reaction and sepa-
ration in the N stages of the system in Figure 4. Since both
the overall feed composition and overall product composition
are attainable, all compositions on the difference vector are
attainable. For a single-phase CSTR, the difference vector
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for compositions is written as

x—xy=r(x)T (23)
Therefore,

x —x)=g(7,x)) )

where 7 is the residence time for the CSTR, and g is the
reaction vector for a CSTR. The righthand side of Eqgs. 22
and 24 are a set of nonlinear algebraic equations, therefore,
they have the same mathematical structure. Therefore, the
difference vector for overall composition in a cascade of two
phase CSTRs is collinear with the reaction-separation vector
(which is given by f). A locus for Eq. 22 is found by deter-
mining the overall composition difference vector at all values
of Da.

We use the following necessary conditions of the attainable
region for single-phase reactors (Glasser et al., 1987) in find-
ing the feasible region for the cascade of vapor-liquid CSTRs:

e The region is convex, that is, a line that joins any two
compositions in the region also lies inside the region;

e No reaction-separation vector on the boundary of the re-
gion points outward from the region, that is, the reaction-
separation vector at the boundary either points inward, is
tangent, or has a zero magnitude.

The lack of sufficient conditions does not have any impact
on the acceptability of the candidate attainable region (in our
case, the feasible region). It only means the region and the
reactor networks identified are open to further improvement.
The overall feed and product compositions for the cascade
are used to determine conversion of the limiting reactant,
yield (ratio of the mols of desired product formed to the mols
of the limiting reactant in the overall inlet), and selectivity
(ratio of the mols of desired product formed to the mols of
the limiting reactant consumed).

Example 1: Reactions in Series

k .

For the system of consecutive reactions, A (1) 2 B @) il
C (3), the material balance equations for each stage in the
cascade are given by Eq. 16. The rate constant for both the
reactions is equal, however, this analysis can be repeated for
cases where rate constants are not equal. Using the same rate
and VLE models described earlier, the maximum yield of B
using single-phase reactors is 0.368 shown by the attainable
region for single-phase reactors in Figure 2; a PFR trajectory
gives the boundary of the region. For a series reaction system
with temperature independent rate constants, a mathemati-
cal proof showing that a PFR trajectory lies on the boundary
of the attainable region for single-phase reactors can be found
in Gadewar (2001).

To construct the feasible region for the countercurrent cas-
cade we should consider all combinations of ¢ (ratio of va-
por to liquid feed rate) and N (number of stages in the cas-
cade). For demonstration of the concept, ¢ <5 is chosen, and
the vapor feed and liquid feed to the cascade are chosen to
be pure A. These constraints are relaxed later in the article.
The dimension of the feasible region is 2 (see Appendix for
discussion), the axes are chosen to be the conversion of A4
and the yield of B. The value of ¢ = 0 for a single-stage cor-
responds to a CSTR which lies in the interior of the attain-
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able region for single-phase reactors, while ¢ =0 for a large
number of stages in the cascade corresponds to a PFR, which
lies on the boundary of the attainable region for single-phase
reactors. The PFR trajectory is convex, and is shown in Fig-
ure 5. For any given N, the locus for the countercurrent cas-
cade of two-phase CSTRs at any ¢ <5 lies inside the locus
for ¢ =5. Therefore, the value of ¢ is fixed at 5 for the
subsequent analysis.

The cascade material balances given by Eq. 16 are solved
for different values of Da. Each value of Da corresponds to
a specific residence time and, hence, a specific conversion.
The locus for a cascade with 50 stages is shown in Figure 5,
no change is observed in the locus by using more stages. The
overall composition achieved by mixing the liquid and vapor
product is used to determine yield and conversion. The locus
for a two-stage cascade extends the region the most after the
yield drops down for the cascade with 50 stages. A mixing
line between the trajectories for vapor-liquid cascades with 2
stages and 50 stages is given by the line a-b. Each point on
the boundary is checked for extending the boundary using a
single-phase PFR or a CSTR. A PFR starting at point ¢ on
the locus for the two-stage cascade extends the boundary of
the feasible region. Under the constraints ¢ <5, and pure A4
feeds, the feasible region is given by the region 0-a-b-c-d-o in
Figure 5a. The boundary of the feasible region under con-
straints given in Figure 5a is formed by a locus o-a for a
cascade with 50 stages, mixing line a-b between point a on
the locus for a cascade with 50 stages and point b for a cas-
cade with 2 stages, locus b-c for the cascade with two stages,
a single-phase PFR trajectory c-d starting from point ¢ on
the locus for a cascade with two stages. There is a significant
improvement in the yield of B over a single-phase PFR. Also,
since selectivity is the ratio of yield to conversion, higher se-
lectivities are obtained by using the reactor network in Figure
5b that gives the boundary of the region shown in Figure 5a.

We now relax one of the constraints regarding the feed
composition to the cascade. Each point inside the feasible
region o-a-b-c-d-o in Figure 5a can be used as a liquid and /or
vapor feed to a cascade of two-phase CSTRs. The mol frac-
tions corresponding to point e on the boundary of the region
in Figure 6 is chosen to be the feed composition for vapor
and liquid in a cascade with 50 stages. Curve I corresponds to
this cascade and expands the feasible region under the con-
straint ¢ < 5. Similarly, Curve 2 for a cascade starting at point
f also extends the boundary of the feasible region given in
Figure 5a. We can carry out this exercise by using a cascade
with other feed compositions lying on the boundary to form a
new region and follow the same procedure for the boundary
of the new region.

Figure 5a shows that at low conversions, the locus for a
cascade with a large number of stages is equivalent to the
locus for a two-stage cascade. Also, at low conversions, the
locus for a single stage is equivalent to the locus for a large
number of stages. A system consisting of countercurrent cas-
cades of two-phase CSTRs connected in series (that is, prod-
ucts from a cascade of CSTRs is fed to another cascade, and
so on) can be closely approximated by using an arrangement
shown in Figure 7, where two-phase CSTRs are connected as
a cocurrent cascade. A low value of Da is chosen for each
CSTR; the conversion increases with the number of CSTRs
in the cocurrent arrangement. The overall composition dif-
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Figure 5. (a) Locus of overall yield of B for reactions-
in-series; (b) structure on boundary of feasi-
ble region.

In (a) feasible region for the cascade under the constraints:
¢ <5, feed of pure A, is given by the region o0-a-b-c-d-o.

ference vector is calculated for the cocurrent cascade of two-
phase CSTRs using Eq. 4, and this vector is tangent to the
overall composition trajectory (since products from each va-
por-liquid CSTR are fed to the next one in the cascade, and
we plot the overall composition of mixing the liquid product
with condensed vapor product). Note that the relation be-
tween ® used in Eq. 4 and ¢ used in Eq. 16 is ® = (/A +
1)). For a value of ¢ =5, ® =0.834. Figure 8 shows the new
feasible region with the boundary given by the trajectory for
the cocurrent cascade of two-phase CSTRs (Figure 7). This
region is convex and cannot be extended by using either a
countercurrent cascade of two-phase CSTRs or single-phase
reactors from its boundary. Therefore, Figure 8 shows the
largest feasible region that we are able to determine for the
system under the constraint ¢ <5.

We now remove the constraint on the value of ¢. Since the
boundary of the feasible region is given by the configuration
in Figure 7, we use Eq. 4 for different values of ®. Figure 9
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Hatched region represents feasible region o-a-b-c-d-o in
Figure 5a.

shows a trajectory for the cocurrent cascade of two-phase
CSTRs for ® =0.999 (equivalent to ¢ =1,000). There is no
change in the trajectory for higher values of ®. Therefore,
the feasible region for a countercurrent cascade of vapor-
liquid CSTRs is bounded by the trajectory for vapor-liquid
CSTRs in series, shown in Figure 9. A comparison of the
selectivity of B corresponding to the boundary of the feasible
region and that for a single-phase PFR is shown in Figure 10.
The selectivity to B is high even at higher conversions by
using a countercurrent cascade of CSTRs. This analysis can
provide an estimate of the raw material savings by using si-
multaneous reaction-separation in a countercurrent device,
and, therefore, the economic incentive for implementing such
a configuration. For a 95% selectivity, the single-phase reac-
tor network can be operated at a maximum conversion = 10%,
however, to achieve the same selectivity, the reactor network
consisting of countercurrent cascades can be operated at a
maximum conversion = 40%. Higher conversions significantly
reduce the recycle flows and also the flow rates entering the
separation system of a process. Therefore, significant savings

in the separation system costs can be expected by using coun-
tercurrent cascades of two-phase CSTRs to carry out the re-
actions. The relative volatilities in this example are favorable
for reactive separation, since the desired product gets re-
moved during vaporization. In a case where the relative
volatilities were such that the desired product B is a heavy
component, and the undesired product C is the lightest com-
ponent, the reactive-separation alternatives will not extend
the AR for single-phase reactors. Therefore, there is no in-
centive in considering process alternatives consisting of coun-
tercurrent cascades of vapor-liquid CSTRs over conventional
reactors (Gadewar, 2002). Therefore, the AR methodology is
not only useful at the conceptual design stage to give poten-
tially promising process alternatives, but also determines
when simultaneous reaction and separation is not a good idea.

For simplicity, the rate constants in this example are as-
sumed to be temperature independent. The reaction temper-
ature in any stage of the countercurrent cascade is the boil-
ing point of the mixture in that stage. The methodology out-
lined does not need the assumption of temperature-indepen-
dent rates and can be used in cases with temperature-depen-
dent rate constants (see Example 3). The calculation of the
attainable region for single-phase reactors will, however, re-
quire the consideration of the temperature range over which
the reactions are carried out. The boundary of the attainable
region for single-phase reactors, therefore, might be different
from the trajectory for an isothermal PFR in such cases
(Glasser et al., 1992).

Yields and selectivities even higher than those obtained by
reactive-separation systems are achievable using hybrid reac-
tion-separation devices, where a nonreactive separation sys-
tem removes the desired product as it is formed (Gadewar et
al., 2000). Therefore, the feasible region in Figure 9 can be
extended by using other hybrid reaction-separation devices.
Attainable region analysis for reaction-separation should en-
tail consideration of all reactive separation devices physically
possible.

Example 2: Transalkylation of Toluene

The process of transalkylation or disproportionation of
toluene is used to produce benzene and xylenes (Holmgren
et al., 1999). The reaction is given as

2 toluene (2) = benzene (1) +xylene (3) (25)

where (1) benzene is the lightest, (2) toluene is intermediate,
and (3) xylene is the heaviest boiling. The liquid mixture is

o

S

Vi | ¥ _ Vi i
| e I | |
F Ls 3 i | v |

N

Figure 7. Cocurrent cascade of two-phase CSTRs.
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Figure 8. Feasible region for ¢ <5 with boundary of the
region given by two-phase CSTRs in series.

Hatched region represents feasible region o0-a-b-c-d-o in
Figure 5a.

assumed to be ideal and a constant relative volatility model is
used for the VLE calculations (the y-x behavior determined
using the NRTL equation for liquid-phase activity coeffi-
cients matches the constant relative volatility model at low
pressures). The volatilities of benzene, and toluene relative
to xylene are 4.8 and 2.3, respectively. The value of the equi-
librium constant is taken to be K., =0.1 (Buzad and Do-
herty, 1995). Since the reaction is equimolar, we use the model

1 - | T A R RN S " ] L L n ]
| ]
r
0.8 I .
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[11] 06 1
— L |
(=]
)
2 I
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Figure 9. Feasible region (hatched region) for reac-
tions-in-series without constraints.
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Figure 10. Improvement of selectivity to B using coun-
tercurrent cascades over conventional reac-
tors.

given in Eq. 16, and the dimensionless parameters defined in
Eqgs. 14 and 15. The expression for the reaction rate is

1
r(xj)=kf(x§’j—K—xl’jx3’l-),j=1,...,N (26)
eq

We take k; to be independent of temperature, therefore,
kgt = kg The products from a single-phase reactor for a
very large residence time lie on the equilibrium curve shown
in Figure 11. Any combination of the single-phase reactors
will not allow the trajectory to cross the equilibrium curve.
For a feed consisting of pure toluene, the dimension of the
feasible region is 1 and the region lies on the stoichiometric
line with a slope = —1/2. For the countercurrent cascade, a
similar rule applies since we plot the overall compositions
after mixing the liquid product with the condensed vapor
product. If the feed consists of pure toluene, the attainable
region for single-phase reactors is given by the line a-b, where
point b can be reached using a CSTR or a PFR with a large
Damkohler number (residence time). Using a countercurrent
cascade of vapor-liquid CSTRs allows conversions beyond the
equilibrium curve due to simultaneous reaction and separa-
tion. Using pure toluene as the vapor and liquid feed to the
cascade, the attainable region can be extended along the stoi-
chiometric line. The feasible region is given by line a-c in
Figure 11. The point ¢ is achieved at a large value of Da,
large number of stages ( > 40) and a value of ¢ =1 (L =1).
At any other values of ¢, the region cannot be extended be-
yond c. Also, using another cascade at point ¢ does not ex-
tend the feasible region.

To make the example more interesting, we assume a feed-
stream of pure xylene is available, which can either be mixed
with toluene as feed to the cascade or can be fed pure to the
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Figure 11. Locus of overall product compositions for
cascade of vapor-liquid CSTRs with feed of
pure toluene in transalkylation of toluene to
benzene.

cascade (we will not consider a case where a pure benzene
stream is also available, since the task of finding the feasible
region becomes trivial; when all three components are avail-
able as pure streams, the feasible region spans the complete
composition space because of mixing). This mixed feed will
make the feasible region 2-D (see Appendix for details).
Based on the reaction stoichiometry, the stoichiometrically
feasible space is the entire triangle shown in Figure 12. The
maximum value of benzene mol fraction from any reactor or
reactor-separator is 0.5, which will be achieved when a feed
of pure toluene is completely converted.

A single-phase reactor with a very large residence time will
give products lying on the equilibrium curve, shown by Curve
1, in Figure 12. Consider the case when same feed composi-
tion for the vapor and liquid streams are used by choosing
different feeds lying on the xylene-toluene edge. Solving Eq.
16 for each of these feeds at a large value of Da and at ¢ =1,
gives Curve 2 of the overall product compositions. At values
of ¢ higher and lower than ¢ =1, the region cannot be ex-
panded.

Next, we check if using pure feedstreams extends the re-
gion enclosed by Curve 2. Using pure toluene as the liquid
feed and pure xylene as the vapor feed, the region can be
extended. As the value of ¢ changes, the overall feed compo-
sition changes. At ¢ =0, the overall feed composition is at
pure toluene and at ¢ ==, the overall feed composition is at
pure xylene. Solving Eq. 16 at a large value of Da at different
values of ¢, gives Curve 3 of the overall product composi-
tions. The locus for liquid feed as pure xylene and vapor feed
as pure toluene, lies inside Curve 3. Drawing mixing lines to
cover the nonconvexities in Curve 3, we identify a region o-a-
c-d-o as a feasible region of overall product compositions.
Using the compositions on the boundary as feed to either
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single-phase reactors or countercurrent cascade does not ex-
tend the feasible region. Figure 13a shows the feasible region
for the system using toluene and xylene as the feed compo-
nents. Point b corresponds to a toluene conversion of 38%
and can be reached by using a single-phase reactor. Point c is
obtained from a countercurrent cascade with pure toluene as
the liquid and vapor feed, the corresponding toluene conver-
sion is 45%. Point d lies on the locus for a countercurrent
cascade of two-phase CSTRs with toluene as the liquid feed
and xylene as the vapor feed. The corresponding toluene
conversion is 56%. A flowsheet structure to access other
points on the boundary of the feasible region is shown in
Figure 13b.

Example 3: Synthesis of Isopropyl Acetate

Isopropyl acetate can be obtained by esterification of acetic
acid with isopropanol. The reaction is

acetic acid (HOAc) +isopropanol (IPOH)
= isopropyl acetate (IPOAc) +water (H,O0) (27)

The thermodynamic equilibrium constant has a value of K
= 8.7 in the boiling temperature range of interest (Lee and
Kuo, 1996; Venimadhavan et al., 1999). The kinetic model
was taken from Manning (1999) for experiments performed
on a heterogeneous catalyst (Amberlyst 15W, Rohm and Haas
Company). A heterogeneous Langmuir-Hinshelwood/
Hougen-Watson kinetic model used by Manning (1999) is

®R =

Wk’s( aHOAcaIPOH_aIPOAcaHZO/Keq)

2
(1+Kyoactroac T Kipon@rontKiroacdroactKu,04m,0)

(28)
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Figure 13. (a) Feasible region (hatched) for transalkyla-
tion of toluene with feed consisting of
toluene and xylene; (b) structure on bound-
ary of feasible region.

where k' is the apparent forward rate constant given by

8,253.6
Inkl,=23.81—

(29)

Here, T is in K, and k', has units of mols reacted per mol of
H™ ions per minute, W is the catalyst concentration in mols
of H* per mol of liquid mixture, and the adsorption equilib-
rium constants are assumed to be independent of tempera-
ture

=0.1976, = 0.2396, 0.147,

Knoac Kipon Kipoac =

=0.5079 (30)

Nonidealities are modeled using the NRTL equation (con-
stants for Antoine equation and the NRTL binary interaction
parameters are given in Table 1). The vapor-phase dimeriza-
tion of acetic acid was taken into account in the VLE model-
ing. The Damkohler number is defined as

810 April 2002

Table 1. Thermodynamic Data for Isopropyl Acetate
Example

Antoine Coefficients

Normal Boiling

Component Point, °C a b c
Acetic Acid (1) 118.0 22.1001 —3,654.62 —45.392
Isopropanol (2) 823 22,708 —3,127.18 —75.724
Isopropyl Acetate (3) 90.3 21487 -3,1747 —44.601
Water (4) 100.1 23.2256 —3,835.18 —45.343

Binary Interaction Parameters for NRTL Equation

Vol. 48, No. 4

a;; =0.0 a,; =81.3926  a; =154.7884 a,; =842.6079
a, =—281.4482 a,, =0.0 az, =312.1622  a,, =1,655.255
a,3 = 141.0081 23 =379.6898 a;;=0.0 43 = 2,729.0706
ay, = —219.7238  a,, = 39.8541 a;4 =825.5563 a4 =0.0
a;; =0. a,, =0.3048 =0.3014 ay; =0.2997
ay, =0.3048 a,, =0.0 3, = 0.3000 40 = 0.3255
a3 =0.3014 a,3 = 0.3000 as;=0.0 a4z = 0.3000
ay, =0.2997 ay, = 0.3255 as, = 0.3000 ay =0.0
Antoine Equation
T+c
Pt in Paand T in K.
NRTL Equation
Z/ lT]lij]l " an lT iX GH‘!/
In(y;) = + Tij 7
Zk,lkakz j=1 Zk:lkakj Zkzlkakj
where
G;j=exp(—7;a;))
a;;+b,;T
T = T cal/gmol
Note: All b;; = 0 here.
D o/ (31)
§g=——
1/(ks refW)

where k¢ is the forward reaction rate constant at a refer-
ence temperature chosen as the boiling temperature of the
lowest boiling component in the mixture (IPOH) at 1 atm,
T,.; = 82.38°C, and the corresponding k .. = 1.8. The dimen-
sionless reaction rate to be used for solving Eq. 16 is

r(x) . ®
a k./s,refW

(32)

kf,ref

We assume the reactants acetic acid and isopropanol are
available as pure streams. We can use either a mixed feed to
the cascade or a pure vapor and liquid feed to the counter-
current cascade. All the overall product compositions are
constrained by the reaction stoichiometry to satisfy Xpoac =
¥y1,0- This is a linear constraint shown by the “stoichiometric
plane”in Figure 14. The dimension of the feasible region is 2,
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Figure 14. Stoichiometric plane inside composition
space for the isopropyl acetate system.

the axes are chosen to be the mol fraction of acetic acid, and
the mol fraction of isopropyl acetate. The products from a
single-phase reactor for a very large residence time will lie on
the equilibrium curve. The equilibrium composition depends
on ch(T) and on the activity coefficients, and, hence, on the
temperature of the reaction mixture. When the reaction mix-
ture is at its boiling point, the equilibrium is given by Curve I
in Figure 15. Based on the reaction chemistry, the overall
input composition to any single-phase reactor or a cascade of
two-phase CSTRs and its overall product composition lies on
a line with a slope = — 1. Also, the stoichiometrically feasible
space is the entire triangle in Figure 15. The mol fraction of
isopropyl acetate in the reaction mixture can be at most 0.5.

For a pure liquid feed of acetic acid and a vapor feed of
pure isopropanol, Curve 2 is the locus of the mol fraction of
isopropyl acetate in the overall output from a countercurrent
cascade of vapor-liquid CSTRs with a large number of stages
(>40) and a large Da. Each point on the Curve 2 is at a
different value of ¢; a very low value of ¢ corresponds to the
overall feed very close to the acetic acid vertex and a very
large value of ¢ corresponds to an overall feed close to the
isopropanol vertex shown by point o. Lower values of Da do
not extend the region enclosed by Curve 2. A nonlinear alge-
braic model given by the righthand side of Eq. 16 should give
the same results, however, neither of the available standard
subroutiness (DNEQNF from IMSL or HYBRD from Liver-
more solvers) converge to solutions. One of the reasons is the
failure of the VLE subroutine when the value of the liquid
mol fraction exceeds unity or is a negative value, during the
root-finding procedure.

Now consider the case of a mixed feed to the cascade. A
mixture of acetic acid and isopropanol is used as the liquid
feed and the vapor feed to the cascade. The composiiton of
both feeds is the same. Equation 16 is solved for specified
values of the parameters Da, ¢, and N. The overall mol frac-
tion of isopropyl acetate in the product increases with each
of the parameters. The effect of increasing the number of
stages diminishes after N = 40. Also, a very large value of Da
corresponds to liquid in each stage reaching reaction equilib-
rium. Also, the effect of ¢ dimishes after ¢ = 100. Therefore,
we calculate the overall output mol fraction of isopropyl ac-
etate for a cascade with a large number of stages N > 40,
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Figure 15. (a) Locus of overall product compositions for
feed consisting of acetic acid and iso-
propanol; (b) countercurrent cascade of
two-phase CSTRs for pure feeds and mixed
feeds.

In (a) Curve 1 is the locus for single-phase reactors, Curve
2 is the locus for cascades with pure feeds, and Curve 3 is
the locus for cascades with mixed feeds.

large Da, and ¢ =100. The feed compositions are chosen
along the abscissa and solve Eq. 16 at each of these feeds.
The locus of the overall product mol fraction of isopropyl
acetate is given by Curve 3. The region enclosed by Curve 3 is
convex and also encloses the locus for pure feeds, that is,
Curve 2. The countercurrent cascade structures that give
curves 2 and 3 are shown in Figure 15b. Generating each of
these curves takes a couple of hours of computation time on
a 450 MHz PC. In the case of an ideal VLE, the same calcu-
lations would take a few minutes. A feasible region requires
some post processing once the curves are generated. When
all is in, a feasible region can be generated within one day.

A single-phase reactor or reactors cannot extend the re-
gion beyond Curve 3 since the compositions will head to-
wards the reaction equilibrium curve. A single vapor-liquid
CSTR at large vapor rates also gives overall product compo-
sitions that lie on Curve 3. The trajectory for a countercur-
rent cascade of vapor-liquid CSTRs (Figure 7) reaches Curve
3 and then starts moving towards the equilibrium curve (along
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the stoichiometric line of slope —1) as the backward reaction
exceeds the forward reaction. Using a cascade of two-phase
CSTRs starting at any point on Curve 3 cannot extend the
region. Therefore, the region enclosed by Curve 3 is the
largest feasible region that we are able to find for this reac-
tion system and is given in Figure 16. The boundary of the
feasible region can be reached either by using a single vapor-
liquid CSTR, or a countercurrent cascade of vapor-liquid
CSTRs, or cocurrent cascade of vapor-liquid CSTRs (Figure
7.

Conclusions

A model for a cascade of vapor-liquid CSTRs, where the
vapor and the liquid flow countercurrently, has been devel-
oped. The model is formulated using two independent dim-
nesionless parameters: the Damkohler number, which relates
the residence time to the characteristic reaction time, and
the vapor fraction ¢, which depends on the heating policy.

We have introduced an overall composition difference vec-
tor of Eq. 22, which depends on the overall reaction and sep-
aration in the cascade. This vector obeys the same properties
as the reaction vector (Glasser et al., 1987) or the reaction-
separation vector (Nisoli et al., 1997). The necessary condi-
tions for the attainable region with reaction and mixing can
therefore be applied to the system with simultaneous reac-
tion and separation.

The feasible region for a hypothetical example of reactions
in series A — B — C is bounded by the trajectory for a de-
vice consisting of cocurrent cascade of vapor-liquid CSTRs.
For isopropyl acetate synthesis, the boundary of the feasible
region is reached by a vapor-liquid CSTR, or by a counter-
current cascade of vapor-liquid CSTRs, or by a cocurrent cas-
cade of vapor-liquid CSTRs at a large vapor rate. In the
transalkylation of toluene, however, the feasible region
boundary is given by mixing lines between products from
countercurrent cascades of vapor-liquid CSTRs. The choice
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of a particular configuration will depend on a cost analysis.
For the examples considered, we have demonstrated that si-
multaneous reaction and separation can expand the attain-
able region for single-phase reactors. The procedure allows
us to identify reactor and reactor-separator configurations
useful in accessing various parts of the feasible region. The
method can also be applied to liquid-liquid reactive extrac-
tion systems, using models developed recently (Pai et al.,
2002).
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Notation

a; = activity of component i
A, B, C =generic chemical species
¢ =number of components
F =inlet liquid molar flow rate, mol/s
H =liquid-phase molar holdup
H; =liquid-phase molar holdup on stage j, mol
k; , =forward rate constant for the kth reaction, 1/
L =outlet liquid molar flow rate, mol/s
L; =liquid molar flow rate from stage j, mol/s
L7 =liquid mass flow rate from stage j, kg/s
N =number of two-phase CSTRs in the cascade
R =number of reactions
® =reaction rate, mols reacted per mol of reaction per minute
V' =vapor flow rate, mol/s
V; =vapor molar flow rate from stage j, mol/s

V™ =vapor mass flow rate from stage j, kg/s
x; ; =mol fraction of component / in the liquid phase for the
jth stage
i,j =mol fraction of component i in the vapor phase for the
jth stage
¢ =dimensionless time variable
pj" =mass density of the liquid phase on stage j
¢; =ratio of vapor rate to the liquid inlet rate for stage j, di-
mensionless
¢;" =mass density of the liquid phase on stage j
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Appendix: Dimension of the Feasible Region

The feasible region has the same dimension as the attain-
able region. The dimension depends on the reaction chem-
istry and the number of feedstreams, and is given by the de-
grees of freedom for the overall mol balances over the reac-
tion system. We describe a method based on reaction invari-
ants for determining the dimension of the feasible region.

Consider a reaction system consisting of ¢ components and
R independent chemical reactions
vy, Ai+ vy, Ay + -+, A.=0, r=1,2,...,R (Al)
where A; are the reacting species and v, , is the stoichiomet-
ric coefficient of component i in reaction r. The inlet to the
reaction system is represented by a vector of inlet molar flow
rates of species, n’; the outlet is represented by a vector of
outlet flow rates of species rn. The mol balances for the sys-
tem are written using reaction invariants which take the same

value before, during, and after the reaction (Gadewar et al.,
2001). These are

0_ ,0 T =10
Ivi =n; —v; (Vref) RRef>

i=1,...,c—R (A2)

Ni=n;— v (vpe) 'Mges  i=1,...,c— R (A3)
where n? is the number of mols of component i at the inlet,
n; is the number of mols of component i at the outlet, »[ is
the row vector of dimension R of the stoichiometric coeffi-
cients of component i in all of the R reactions. N are the
reaction invariants based on the inlet molar flow rates, and
N, are the reaction invariants based on the outlet molar flow
rates. When we equate these reaction invariants, the mol bal-
ances for the reacting system are simply

N=N,

i i (A4)

Therefore, the number of mol balances for R independent
reactions is ¢ — R. The total number of variables for the sys-
tem is 2¢; therefore, there are ¢ + R degrees of freedom for
the reaction system. For a single feedstream of known flow
rate and composition, ¢ degrees of freedom are satisfied.
Therefore, the dimension of the feasible region is R, which
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also is the number of independent chemical reactions. A fea-
sible region together with the mol balances (Eq. A4) and
known feed will completely determine the outlet flow rates of
all species leaving the reaction system.

Feinberg (2000a) arrives at the same result for the dimen-
sion of the attainable region by an alternate method. In gen-
eral, for multiple distinct feedstreams of known flow rates
and compositions, the dimension of the feasible region is de-
termined from the rank of the matrix formed by the reaction

stoichiometry matrix augmented by the row vectors for the
feedstreams (Feinberg, 2000a). For example, if vectors f; and
f» represent two distinct feeds, the dimension of the feasible
region is equal to the rank of the matrix given by the stoichio-
metric coefficient matrix augmented by a row vector f, — f;.
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